A known result obtained independently by Fan and Jung is that every 3-connected k-regular graph on n vertices contains a cycle of length at least min{3k, n}. This raises the question of how much can be said about the circumferences of 3-connected k-regular claw-free graphs. In this paper, we show that every 3-connected k-regular claw-free graph on n vertices contains a cycle of length at least min{6k − 17, n}.
Introduction
In this paper we deal with finite simple graphs. Let G be a graph. We denote by (G) (or ) the minimum degree of G. + and
For a subgraph H of G and a subset S of V (G), we denote by G − H and G[S] the induced subgraphs of G by V (G) − V (H ) and S, respectively. We denote by N H (S) the set of all vertices of H adjacent to some vertex of S, and let N(S) = x∈S N(x) and d H (S) = |N H (S)|. For A and B in V (G), let E G (A, B) = {uv ∈ E(G)
x −− = (x − ) − . Other notation and terminology not defined here can be found in [1] .
A graph is called claw-free if it does not contain a copy of K 1,3 as an induced subgraph. There have been many results in recent years dealing with Hamiltonian cycles and circumferences in claw-free graphs (see [2, [4] [5] [6] [7] [8] [9] 11, 12] ). Matthews and Sumner [11] proved the following result. [11] ). Every 2-connected, claw-free graph G on n vertices contains a cycle of length at least min{2 + 4, n}, and is Hamiltonian if n 3 + 2.
Theorem 1 (Matthews and Sumner
Li showed the following two results on longest cycles in claw-free graphs.
Theorem 2 (Li [8] ). Every 3-connected claw-free graph G on n vertices contains a cycle of length at least min{5 − 5, n}.
Theorem 3 (Li [6] ). Every 2-connected k-regular claw-free graph G on n vertices contains a cycle of length at least min{4k − 2, n}. Moreover, the bound 4k − 2 is best possible.
For arbitrary 3-connected regular graphs, Fan [2] and Jung [4] proved the following result, independently.
Theorem 4 (Fan [2] , Jung [4] ). Every 3-connected k-regular graph on n vertices contains a cycle of length at least min{3k, n}.
We know from the above that the circumferences in 2-connected and 3-connected claw-free graphs without the restriction of regularity have been studied. But up to now, there were no any nice results on circumferences in regular 3-connected claw-free non-Hamiltonian graphs. We see from Theorem 4 that the circumference of a 3-connected k-regular claw-free graph is at least 3k. This raises the question of just how much can be said about the circumferences of 3-connected regular claw-free graphs. The main result of this paper (Theorem 5) is a step toward that orientation. Note that Ryjacek's closure [12] is a useful tool in the study of circumferences for claw-free graphs. However, since Ryjacek's closure does not keep the regularity of claw-free graphs, we cannot use it while investigating the circumferences of regular claw-free graphs.
Theorem 5. Every 3-connected k-regular claw-free graph G on n vertices contains a cycle of length at least min{6k − 17, n}.
We finally make the following conjecture.
Conjecture 6. Every 3-connected k-regular claw-free graph G on n vertices contains a cycle of length at least
min{10k − 4, n}.
Lemmas
In this section, we introduce the following 12 lemmas which will be used in the proof of Theorem 5. We start with the following lemma. Note that the proofs of Lemmas 1 and 2 are easy and omitted here. 
Lemma 1 (Li [6,7]). Let C be a longest cycle in a connected claw-free graph G and H a component of G-C such that every two distinct vertices in H are joined by a path of order at least h. Furthermore suppose that M = {r i x i ∈ E(G): r i ∈ V (H ), x i ∈ V (C), i = 1, 2, 3} is a maximum matching in E G (V (H ), V (C)
2 contain at least h vertices, respectively.
Lemma 2 (Li [6, 7] 
In the proof of Theorem 5, we use the following lemma.
Lemma 3 (Li [6] 
In the proof of our main theorem, we also need the following two lemmas coming from [9] .
Lemma 4 (M. Li and X. Li [9] ). Let C be a longest cycle in a 3-connected claw-free graph G and H a component of G − C. If for every two non-adjacent vertices u and v in H,
Lemma 5 (M. Li and X. Li [9] The following Lemma 6 is extracted from the proof of the main theorem in [7, pp. 181-191] .
Lemma 6. Let G be a 3-connected k-regular non-Hamiltonian claw-free graph on n vertices and C a longest cycle of G. If G − C is Hamiltonian connected and contains at least k-3 vertices, then |V
Proof. From the proof of the main theorem in [7, pp. 181-191] , we see that when evaluating the lower bound of the vertex number n of G, the value of |V (C)| is also estimated. That is, from the lower bound of n minus |V (H )|, we can obtain |V (C)| 6k − 17.
The following lemma will be used in our proof.
Lemma 7 (Locke [10] ). Let x and y be any two distinct vertices of a 2-connected graph G. Then there is a cycle of length at least 2 containing x and y.
In the proof of Theorem 5, we need to use the following five lemmas. The proof of Lemma 8 can be found in [8] .
Lemma 8 (Li [8] ). Let C be a longest cycle in a 3-connected k-regular non-Hamiltonian claw-free graph G of order n, and H a component of 
Since it is not Hamiltonian connected, by Jackson et al.'s result [3] that a connected graph is Hamiltonian connected if every longest path P has the property that the sum of the degrees of the end-vertices of P is at least 
If x 3, then we obtain from the inequality above that
If q 3 then from the inequality above,
Thus q 2 and so q = 2. Let P = z 1 (=a)z 2 . . . z p (=b). Next we will prove (a) and (b).
( 1, 3 , and so P plus the edge ab forms a cycle of length p. Let N C (a) = N C (b) = {x 1 , x f } and z j be the first vertex on P such that N C (z i 
, and it is easy to see that q 3. This contradiction shows that
, and we easily obtain three segments of length at least p on C, and so q 3, a contradiction. Thus 
Consider the vertices z 2 and 
, and so we can get a contradiction. Thus y = x. Assume that y ∈ C(x f , x) (the proofs of other cases are similar), then by Lemma 1(a),
Thus we can again get a contradiction, and so
Thus we can easily get a contradiction. Therefore, we have completed the proof of (a).
(
and using the same argument as (a) we can get a contradiction. Thus S ∩ {a, b, z 2 , z p−1 } = ∅. Note that p 5.
If a ∈ S then we replace the vertex a by z 2 and p k 
Lemma 10. Let C be a longest cycle in a 3-connected k-regular non-Hamiltonian claw-free graph G on n vertices and H a component of G − C and let M be a maximum matching in E G (V (C), V (H )). If
is a concave function and its minimum value occurs at the bound.
Thus 6k − 18 5k − 5 and so k 13 and |V (H )| k − 4 9. Let h = min{|V (P )| : P is a longest path connecting the vertices u and v
Then we have the following claim: 
, where the subscripts of x i and S i are modulo 5 for i = 1, 2, 3, 4, 5. Then
there is a path of order at least h + 2 connecting x i and
Then we have the following claims.
Proof. Suppose that u ∈ S 00 1 and ux 
By a similar argument to the previous one, we can get a contradiction.
Suppose that v ∈ C(u, w) and w is the neighbor of
since G is claw-free for i = 1, 2, . . . , 5. So Claim 2 is proved. We now return to the proof of Lemma 10. By Lemma 1(a), we have that x
Claim 3. G[N C (x
. By Claim 3, we know that 
Without loss of generality assume that fg ∈ E(G) and g ∈ S 0 2 (the proofs of the other cases are similar). We also know from the above that
5 for all vertices v in H, and so |M| = 5 since |V (H )| 9, a contradiction. Thus Lemma 10 is proved.
Lemma 11. Let C be a longest cycle in a connected claw-free graph G such that G−C has a 2-connected component H with at least two independent edges r i x i (r i ∈ V (H ) and x i ∈ V (C), i=1, 2) between H and C. Let m=min{|V (C )| : C is a longest cycle containing u and v in H, where u = v and ux 1 , vx 2 ∈ E(G)}. Then there is a path P in H such that
Proof. Let C be a longest cycle with a fixed orientation in H containing r 1 and r 2 . Then
Then |L| 2, and we have the following claim.
Proof. Otherwise, e.g., r
Proof. Otherwise, by Lemma 1(c), N H (x
, and so x 2 P x 1 is a [x 2 , x 1 ]-path of order at least Now we complete the proof of Lemma 11. Let C (u 1 , u 2 ) ∈ L be a segment with least vertices on C , where
, and x 2 P x 1 is a path we desire. Thus we have completed the proof of Lemma 11.
Lemma 12. Let C be a longest cycle in a connected claw-free graph G with (G) 3 and H a component of G−C, and let M be a maximum matching in E G (V (H ), V (C)). If 3 |M| 4 and |V (C)| 6 (G) − 18, then H is Hamiltonian connected.

Proof. Let k = (G). By Lemma 4, H is 2-connected. If H is not Hamiltonian connected, then by Ore's theorem that a graph with d(u) + d(v) |V (H )| + 1 for any pair of non-adjacent vertices u and v is Hamiltonian connected, |V (H )| d H (u) + d H (v) for some pair of non-adjacent vertices u and v in H.
Let M = {r i x i : r i ∈ V (H ), x i ∈ V (C) for i = 1, 2, . . . , |M|}. Then x + i x − i ∈ E(G) and x + i , x − i / ∈ N(x j ), x + j , x − j / ∈ N(x i ) for i, j = 1, 2, .
. . , |M| and i = j by Lemma 1(a). Note that d G−C−H (x i )
= 0 since G is claw-free for i = 1, 2, . . . , |M|. We have the following claim.
Claim 1. d C (H )
|M| + 1.
Proof. Otherwise, we have (H ) k − |M| (where k = (G)) and so |V (H )| 2k − 2|M| since H is not Hamiltonian connected. By Lemma 7,
H has a cycle of length at least 2k − 2|M| containing any pair of vertices. Let N C (H ) = {x 1 , x 2 , . . . , x |M| } and x 1 , x 2 , . . . , x |M| be in that order around C. Then, by Lemma 11, H has a path P i such that 
Claim 2. d H (x m )
We have N C (r 2 ) − {x 3 } = ∅ or N C (r 3 ) − {x 2 } = ∅ (say N C (r 2 ) − {x 3 } = ∅) since otherwise we easily prove 2 )| k. We have N C (x 3 ) −{x 2 }=∅ since otherwise we can get a contradiction using a similar argument to the above. By |M|=3, N C (x) is contained in {r 2 , r 3 } for each x ∈ V (H ) − {r 1 }, and so d H (x) k − 2. Since G is claw-free, G[N H (r 1 )] is complete. Since H is 2-connected, we can easily prove that H = H − {r 1 } is 2-connected by d H (r 1 ) 2. Thus (H ) k − 3. By Lemmas 7 and 11, H has a path P 1 such that
, and a path P 3 such that
. By Lemma 1 and a similar argument to Claim 1, we can easily obtain |V (C)|
This contradiction shows the completion of the proof of Lemma 12.
Proof of Theorem 5
In this section, we prove the main result in this paper. For the convenience of the reader, we still repeat the statement of Theorem 5. 
Claim 1. Each component H of G − C is Hamiltonian connected and contains at least k − 3 vertices, and G − C has at least two components.
We first outline the remaining proof of Theorem 5. Since its proof is easier and similar if |M| is larger, we consider the worst case |M| = 3 in our proof. Let S = {x ∈ {x 1 , x 2 , x 3 }: N C (x) − ({x + , x − } ∪ N C (H )) = ∅}. Then we will prove S = ∅ in the following Claim 4. Using S = ∅ and G being k-regular, we can prove |V (H )| 2k − 5 in the following Claim 5. Again using Lemma 1(a), we can obtain |V (C)| 6k − 17. Therefore we complete the proof of our theorem.
In order to prove the next claims, we first introduce the following terminology. Let H and F be two components of G − C, and r i x i (i = 1, 2) be two independent edges between H and C and s i y i (i = 1, 2) two independent edges between F and C, where r 1 , r 2 x 2 ) and y j ∈ C(x 2 , x 1 ), then we say that H and F have crossed bridges.
Claim 2. No two components H and F of G − C has crossed bridges.
Proof. Otherwise, let r i x i (i = 1, 2, 3) be three independent edges between H and C and s i y i (i = 1, 2, 3) three independent edges between F and C (where r 1 , r 2 , r 3 ∈ V (H ), s 1 , s 2 , s 3 ∈ V (F ) and x i , y j ∈ V (C) for i, j = 1, 2, 3), then x i = y j for i =1, 2, 3, j =1, 2 since G is claw-free. Without loss of generality assume that x 1 , y 1 , x 2 , y 2 , y 3 , x 3 are in that order around C. Then the cycle C[y 1 
Let F and H be two distinct components in G − C. By Claim 1, both F and H are Hamiltonian connected and contain at least k − 3 vertices. Let M be a maximum matching in E G (V (H ), V (C)) and N a maximum matching in  E G (V (F ), V (C) ). Then |M| 3 and |N | 3 since G is 3-connected. By Claim 2, H and F have no crossed bridges. Let 1(a) and y j = x i for i =1, 2, . . . , |M| and j =1, 2, . . . , |N | since G is claw-free. By Claim 2, without loss of generality assume that y j ∈ C(x 1 , x 2 ) for j = 1, 2, . . . , |N |. Clearly |M| + |N | 7 since otherwise we easily obtain that |V (C)| 6k by Claim 1 and Lemma 1(a). Let 
We also have the following claim. y 1 ) and consider the vertex v + . By a similar argument to the previous one, we have that
gives that a = |C(w,
∈ {H, F }. By Claim 1, H 1 is Hamiltonian connected and contains at least k−3 vertices. Since G is 3-connected, there are three independent edges v + t 1 , z 2 t 2 , z 3 t 3 between H and C such that t 1 , t 2 , t 3 ∈ V (H ) and z 2 , z 3 ∈ V (C). Note that vy (4.1.5) We have that N(y It follows that w 1 ∈ C(w 2 , y − 3 ) and so x ∈ C(y x 2 ) ). Let w 3 be the neighbor of y Hence x 1 x 2 / ∈ E(G) or x 1 x 3 / ∈ E(G) (say x 1 x 2 / ∈ E(G)), which implies that x 3 x 1 / ∈ E(G) or x 3 x 2 / ∈ E(G) (say 
